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Multipoles of redshift space 

21-cm EoR bispectrum
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Redshift space distortion
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Redshift space distortion

True positions
(Real space)

3



Redshift space distortion

True positions
(Real space)
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Redshift space distortion

True positions
(Real space)

Apparent positions
(Redshift space)
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Observer Observer

𝜇 = cos(𝜃)

𝜽

Real space Redshift space

𝑘 𝑘

6



Bispectrum

Ԧ𝑘2

𝑘1

δ Ԧ𝑥 Δ 𝑘

𝐵 𝑘1, 𝑘2, 𝑘3 ≡  ⟨ Δ𝑘1
Δ𝑘2

Δ𝑘3
 ⟩

Lowest order statistics sensitive to non-Gaussianity

𝑘1 + 𝑘2 + 𝑘3 = 0
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Observer Observer

𝜇 3 

Real space Redshift space

Ԧ𝑘2

𝑘1

𝜇 2 

𝜇 1 𝑘1

Ԧ𝑘2
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Multipole Expansion

Bharadwaj et al. 2020

𝐵𝑙
𝑚 𝑘1, 𝑘2,𝑘3 =

 2𝑙 + 1 

4𝜋

 

න Y𝑙
m ො𝑝 ∗ 𝐵𝑠 ො𝑝, 𝑘1, 𝑘2,𝑘3  𝑑Ω ො𝑝

𝑘2

𝑘1 

𝐿𝑖𝑛𝑒 𝑜𝑓
 𝑠𝑖𝑔ℎ𝑡

Ƹ𝑝
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Multipole Expansion

𝐵𝑙
𝑚 𝑘1, 𝑘2,𝑘3 =

 2𝑙 + 1 

4𝜋

 

න Y𝑙
m ො𝑝 ∗ 𝐵𝑠 ො𝑝, 𝑘1, 𝑘2,𝑘3  𝑑Ω ො𝑝

= 𝐵0
0 + 𝐵2

0 + … 

𝐵𝑖𝑠𝑝𝑒𝑐𝑡𝑟𝑢𝑚 𝑓𝑜𝑟

𝑘1 ≈ 1 𝑀𝑝𝑐−1, 

𝑘2 ≈ 1 𝑀𝑝𝑐−1, 

𝑘3 ≈ 0 𝑀𝑝𝑐−1

𝑌0
0 𝑌2

0

𝑀𝑜𝑛𝑜𝑝𝑜𝑙𝑒 
𝑚𝑜𝑚𝑒𝑛𝑡 

𝑄𝑢𝑎𝑑𝑟𝑢𝑝𝑜𝑙𝑒 
𝑚𝑜𝑚𝑒𝑛𝑡 
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Simulating EoR (ReionYuga)

• Cube vol = [215 𝑀𝑝𝑐]3 = [384 grids]3 

• 𝑀𝑚𝑖𝑛 = 1.09 × 109 𝑀⊙

• 𝑁𝑖𝑜𝑛 = 23.21

• 𝑅𝑚𝑓𝑝 = 20 𝑀𝑝𝑐

45 realizations  
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• Cube vol = [215 𝑀𝑝𝑐]3 = [384 grids]3 

• 𝑀𝑚𝑖𝑛 = 1.09 × 109 𝑀⊙

• 𝑁𝑖𝑜𝑛 = 23.21

• 𝑅𝑚𝑓𝑝 = 20 𝑀𝑝𝑐

45 realizations  

• EoR redshifts = 13 to 6

• ҧ𝑥𝐻𝐼 = 0.5 𝑎𝑡 𝑧 = 8

Simulating EoR (ReionYuga)

12



ҧ𝑥𝐻𝐼 = 0.99 
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ҧ𝑥𝐻𝐼 = 0.93 
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ҧ𝑥𝐻𝐼 = 0.86 
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ҧ𝑥𝐻𝐼 = 0.73 
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ҧ𝑥𝐻𝐼 = 0.50 

17



ҧ𝑥𝐻𝐼 = 0.15 
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Redshift space bispectrum 
monopole

Δ0
𝑠 3 =

𝑘1
6𝐵0

0(𝑘1, 𝑘2, 𝑘3)

2𝜋2 2
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𝑘3

𝑘1

𝑘2

𝑘1

𝑘2
𝑘3
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𝑧
13 11 9 8 710

𝑧
13 11 9 8 710

(𝑘1 ≈ 𝑘2 & 𝑘3 ≈ 0) (𝑘1 ≈ 2𝑘2 & 𝑘3 ≈ 𝑘2)
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Nonlinear 
matter 
distribution

Non-Gaussianity   = +
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HII bubbles
distribution
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HII bubbles
distribution

Nonlinear 
matter 
distribution

Non-Gaussianity   = +

Δ0
𝑠 3 ≈ Δ0

𝑠
𝑀
3  + Δ0

𝑠
𝐼
3 
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Δ0
𝑠 3 ≈ Δ0

𝑠
𝑀
3  

• 𝑛𝑜 𝑖𝑜𝑛𝑖𝑧𝑎𝑡𝑖𝑜𝑛: Δ0
𝑠

𝐼
3 𝑖𝑠 𝑛𝑒𝑔𝑙𝑖𝑔𝑖𝑏𝑙𝑒
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Δ0
𝑠

𝐼
3 < 0

• 𝑜𝑛𝑠𝑒𝑡 𝑜𝑓 𝑖𝑜𝑛𝑖𝑧𝑎𝑡𝑖𝑜𝑛:

Δ0
𝑠 3 < Δ0

𝑠
𝑀
3
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26

𝑠𝑖𝑔𝑛
𝑓𝑙𝑖𝑝
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Δ0
𝑠

𝐼
3 > 0

• 𝑒𝑛𝑑 𝑜𝑓 𝑟𝑒 − 𝑖𝑜𝑛𝑖𝑧𝑎𝑡𝑖𝑜𝑛:

Δ0
𝑠 3 positive
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Redshift space bispectrum 
Quadrupole

Δ2
𝑠 3 =

𝑘1
6𝐵2

0(𝑘1, 𝑘2, 𝑘3)

2𝜋2 2
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Δ2
𝑠 3 ≈ Δ2

𝑠
𝑀
3 + Δ2

𝑠
𝐼𝑀
3  

nonlinear matter 
distribution matter-ionization 

term
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Δ2
𝑠 3 ≈ Δ2

𝑠
𝑀
3

• Non-Gaussianity  driven by 

matter
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❖ Δ2
𝑠 3𝑑𝑒𝑣𝑖𝑎𝑡𝑒𝑠 

𝑓𝑟𝑜𝑚 Δ2
𝑠

𝑀
3

❖ Δ2
𝑠

𝐼𝑀
3  𝑐𝑜𝑛𝑡𝑟𝑖𝑏𝑢𝑡𝑒𝑠

3333

❖ Δ2
𝑠

𝐼𝑀
3 ≪ Δ0

𝑠
𝐼
3

❖ Δ2
𝑠

𝑀
3 ≈ Δ0

𝑠
𝑀
3
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❖ Δ2
𝑠 3 𝑏𝑒𝑐𝑜𝑚𝑒𝑠 𝑛𝑒𝑔𝑎𝑡𝑖𝑣𝑒 

𝑎𝑡 𝑙𝑎𝑟𝑔𝑒 𝑠𝑐𝑎𝑙𝑒𝑠

❖ Δ2
𝑠

𝐼𝑀
3  𝑑𝑜𝑚𝑖𝑛𝑎𝑡𝑒𝑠 𝑠𝑚𝑎𝑙𝑙 𝑘

❖ 𝑐𝑎𝑛 𝑑𝑖𝑠𝑡𝑖𝑛𝑔𝑢𝑖𝑠ℎ 𝑏𝑒𝑡𝑤𝑒𝑒𝑛 

𝑖𝑛𝑠𝑖𝑑𝑒 − 𝑜𝑢𝑡 & 

𝑜𝑢𝑡𝑠𝑖𝑑𝑒 − 𝑖𝑛 𝑚𝑜𝑑𝑒𝑙𝑠 (𝑠𝑖𝑔𝑛 𝑜𝑓 ∇. 𝑣)
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Summary

❖ Two sign flips of bispectrum monopole phase 

transitions of the universe 

❖ Magnitude of quadrupole is similar to monopole

❖ Quadrupole moment distinguishes EoR models

❖ Analysis for other triangles

❖ Higher multipoles
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THANK YOU

• Millenium simulation
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Δ0
𝑠 3 ≈ Δ0

𝑠
𝑀
3 + Δ0

𝑠
𝐼
3 

nonlinear matter 
distribution Ionization 

term
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𝑘3

𝑘1

𝑘2

𝑘1

𝑘2
𝑘3

39
(𝑘1 ≈ 𝑘2 & 𝑘3 ≈ 0) (𝑘1 ≈ 2𝑘2 & 𝑘3 ≈ 𝑘2)

𝑆𝑞𝑢𝑒𝑒𝑧𝑒𝑑 𝑆𝑡𝑟𝑒𝑡𝑐ℎ𝑒𝑑



Interpretation

• Non-Gaussianity is small at large length scales at high redshifts because
HII regions are small in size at very early times (small fluctuations)

• Bispectrum increases with 𝑘1 as larger modes becomes sensitive to
small HII regions

• Bispectrum increases with time as non-Gaussinity increases with
progress of EoR; maximize at around ҧ𝑥𝐻𝐼 ≈ 0.5 when HII regions are
sufficiently large; BS again decreases as NG is due to HI regions

• At smaller length scales (largest 𝑘1), BS decreases with time due to
increase in size and number density of HII region

• Bispectrum is –ve if NG is driven by 𝑥𝐻𝐼 field; and positive is NG is driven
by matter density fluctuations (Hutter et al. 2020; Majumdar et al. 2018)
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Uncorrelated GRF
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Redshift Space Distortion

• Distribution is observed in redshift space not in real space

• True and observed distances  

Ԧ𝑣𝑝Ԧ𝑣𝑝. Ƹ𝑟

𝑎𝐻

𝑠

𝑟

Observer

true position

Observed position

;     𝑎𝑒 =
𝜆𝑒

𝜆𝑜−𝜆𝑒
=

1

1+𝑧
 

𝑠 = 𝑟 +
Ԧ𝑣𝑝. Ƹ𝑟

𝑎 𝐻

𝑧 = 𝑧𝐻 ⨁  𝑧𝑝𝑒𝑐 = 1 + 𝑧𝐻 × 1 + 𝑧𝑝𝑒𝑐 − 1 

𝜃
𝜙
𝑧

 

𝑠𝑥

𝑠𝑦

𝑠𝑧

 
3D mapping

𝑠 = න
0

𝑧 𝑐 𝑑𝑧′

𝐻(𝑧′, Ω)

Observations Distances

Ԧ𝑣𝐻
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Redshift Space Distortion

• Number density at center increases (for over-dense regions) 

• Overall effect introduces "apparent anisotropy" 

• However, distribution still posses isotropy in plane perpendicular to LoS
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δ𝑇𝑏 ො𝑛, 𝑧 = 1 −
𝑇𝛾

𝑇𝑠
 ത𝑇 𝑧

𝜌𝐻𝐼 

ത𝜌𝐻
1 −

1

𝑎𝐻

𝜕𝑣

𝜕𝑟

ത𝑇 𝑧 = 4𝑚𝐾 1 + 𝑧 2
Ω𝑏ℎ2 

.02

.7

ℎ

𝐻0

𝐻 𝑧

Brightness Temperature Fluctuations
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𝑌𝑙
𝑚

Source: wikipedia

𝑙

𝑙

𝑙

𝑙

𝑙
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